Published by Institute of Physics Publishing for SISSA/ISAS Received: February 5, 2003 Accepted: February 18, 2003

Supersymmetry on the noncommutative lattice

Jun Nishimura^a, Soo-Jong Rey^{bc} and Fumihiko Sugino^b

aDepartment of Physics, Nagoya University Furo-cho, Chikusa-ku, Nagoya 464-8602 Japan bSchool of Physics & BK-21 Physics Division Seoul National University, Seoul 151-747 Korea cSchool of Natural Sciences, Institute for Advanced Study Einstein Drive, Princeton NJ 08540 USA E-mail: nisimura@eken.phys.nagoya-u.ac.jp, sjrey@phya.snu.ac.kr,

sugino@phya.snu.ac.kr

Abstract: Built upon the proposal of Kaplan et al. hep-lat/0206109, we construct noncommutative lattice gauge theory with manifest supersymmetry. We show that such theory is naturally implementable via orbifold conditions generalizing those used by Kaplan et al. We present the prescription in detail and illustrate it for noncommutative gauge theories latticized partially in two dimensions. We point out a deformation freedom in the defining theory by a complex-parameter, reminiscent of discrete torsion in string theory. We show that, in the continuum limit, the supersymmetry is enhanced only at a particular value of the deformation parameter, determined solely by the size of the noncommutativity.

Keywords: Lattice Quantum Field Theory, Lattice Gauge Field Theories, M(atrix) Theories, Non-Commutative Geometry.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep022003032 /jhep022003032 .pdf

Contents

1. Introduction 1

2. Emergent space-time out of matrix orbifolds 2

3. Super Yang-Mills theory on the commutative tori 6 3.1 The mother theory 6 3.2 The daughter theory 7 3.3 Continuum and infinite volume limit 9

4. Super Yang-Mills theory on the noncommutative lattice 11 4.1 The daughter theory 11 4.2 (Classical) continuum limit 16 4.3 Twist the mother theory! 18

5. Discussions 18

A. Superfield notation 19

1. Introduction

Matrix models have played an important role in string and gauge theories. They provide a powerful constructive approach to two-dimensional quantum gravity coupled to various matters, which can also be viewed as noncritical string theories. This idea has developed into the recent conjectures that a certain type of matrix models, called as reduced models, serve as nonperturbative definitions of superstring/M theories [1, 2]. In particular there are some evidences that four-dimensional space-time is dynamically generated in the matrix model for type-IIB superstring theory [3].

Historically, the reduced model was introduced as an equivalent description of large-N gauge theories [4, 5, 6] in the planar limit. It can be formally obtained by dimensional reduction of SU(∞) gauge theories. Recently reduced models have been reinterpreted as gauge theories (with gauge group of finite rank) on noncommutative geometry [7]–[11]. In this interpretation, the space-time coordinates and the color indices are treated on equal footing as matrix indices. The gauge invariance results from the SU(∞) symmetry of the reduced model. Making the size of the matrices finite corresponds to discretizing the space-time into a lattice [9, 10, 11]. This approach was crucial for rendering field theories on noncommutative geometry accessible by Monte Carlo simulations [12]. By further imposing appropriate orbifold conditions, one can obtain a finite noncommutative

– 1 – torus with an arbitrary noncommutativity parameter [9]. As a particular case, one can also obtain commutative space-time. Thus, any lattice field theory (including Wilson’s lattice gauge theory) can be embedded in a matrix model with a certain orbifold condition.

Recently, reduced models were shown to be also useful for constructing lattice theories with manifest supersymmetry [13]. The construction consists of two steps. First one considers the mother theory, which is a reduced model obtained from dimensional reduction of SU(N) super Yang-Mills theory in the continuum. (In fact the case with maximal supersymmetry corresponds to the matrix models for superstring/M theories mentioned above.) Then one imposes the orbifold condition on the mother theory and arrives at a daughter theory, which inherits part of the supersymmetry from the mother theory. Here, the orbifold condition plays a crucial role in introducing a lattice structure to the daughter theory. The idea of respecting some symmetry on the lattice and avoiding fine-tuning thereof in obtaining a supersymmetric continuum limit was also discussed in refs. [14].

In this paper, we consider generalization of Kaplan et al.’s new approach to lattice supersymmetry and show that noncommutative super Yang-Mills theories can be naturally constructed by adopting a generalized orbifold condition (similar to the consideration of ref. [9] in a different context). As an illustration, we present an explicit construction of a noncommutative U(k) gauge theory with maximal supersymmetry,^1 which is of particular importance due to its relationship to superstring/M theories [7, 8]. We also mention a close relationship to discrete torsion studied in the context of string theory on orbifold.

2. Emergent space-time out of matrix orbifolds

We begin with a brief recapitulation concerning emergent space-time out of matrices via certain orbifold projection conditions. As a toy model, consider a matrix model of (N ×N) complex matrices Φ_i (i = 1, . . . , M), whose action is given by S = 1 g^2

Tr(Φ_1 · · · Φ_M ) . (2.1)

On the matrices Φ_i, we impose ‘orbifold conditions’ of the following sort:

Φ_i = ω_L^{ri,a} Ω^†_aΦ_i Ω_a . (2.2)

Here, ω_L is a phase-factor

ω_L := e^{2πiL} obeying ω_L^L = 1 ,

and Ω_a (a = 1, . . . , d) are N × N unitary matrices. Details of the emergent space-time, including (non)commutativity, turn out to depend on specific choices of these matrices. For now, we choose them to be

Ω_1 = U_L ⊗ 1_L ⊗ · · · ⊗ 1_L ⊗ 1_k

1It was speculated that this sort of theories accommodates gravity as well, though they are defined on a flat (noncommutative) space-time [15].

– 2 –

Ω_2 = 1_L ⊗ U_L ⊗ · · · ⊗ 1_L ⊗ 1_k . . Ω_d = 1_L ⊗ 1_L ⊗ · · · ⊗ U_L d ⊗1_k . (2.3)

We assume that N, the matrix size, can be factorized as

N = k · L^d (2.4)

for some integer k. In the definition eq. (2.3), 1_L and 1_k stand for a unit matrix of the specified sizes, and U_L stands for the ‘clock matrix’ of size p = L:

U_p = 1 ω_p ω_p^2 ... ω_p^{p−1} . (2.5)

For later convenience, we also introduce the ‘shift matrix’ by

V_p =

0 1 0 0 1 ... ... ... 1 1 0 . (2.6)

The pair of matrices eqs. (2.5,2.6) satisfies the well-known ’t Hooft-Weyl algebra:

U_pV_p = ω^{−1}_p V_pU_p where ω_p := e^{2πip} . (2.7)

For Φ_i’s obeying the orbifold condition eq. (2.2), the set of “charge vector” (r_i)_a := r_{i,a}, assigned uniquely for each matrix Φ_i, ought to satisfy the condition: M∑ i=1 r_i = 0 , (2.8)

else the action eq. (2.1) would vanish trivially. We refer eq. (2.8) as ‘charge neutrality condition’, and, in what follows, we will assume that it is always satisfied. In constructing super-symmetric gauge theories, a convenient choice of r_i would be to take a suitable linear combination and re-scaling of the charges associated with the R-symmetry [13].

To solve eq. (2.2), we find it convenient to introduce (N × N) unitary matrices D_a:

D_1 = V^†_L ⊗ 1_L ⊗ · · · ⊗ 1_L ⊗ 1_k D_2 = 1_L ⊗ V^†_L ⊗ · · · ⊗ 1_L ⊗ 1_k . . D_d = 1_L ⊗ 1_L ⊗ · · · ⊗ V^†_L d ⊗1_k ,

– 3 – which obey a different set of orbifold conditions D_b = ω_L^{δa,b} Ω^†_aD_bΩ_a (a, b = 1, . . . , d) . Then, by virtue of the ‘t Hooft-Weyl algebra eq. (2.7), we find a particular solution to the orbifold condition eq. (2.2) as

Φ^{(0)}_i = d∏ a=1 D_a^{ri,a} . We then decompose the matrices Φ_i’s around the particular solution: Φ_i = ~Φ_iΦ^{(0)}_i , (2.9) and find that the shifted matrices ~Φ_i’s obey ‘homogeneous’ orbifold condition: ~Φ_i = Ω^†_a ~Φ_iΩ_a . (2.10) As the conditions eq. (2.10) are linear equations, all we need is to construct a complete set of basis of the (finite-dimensional) solution space. For this purpose, we shall introduce (L^d × L^d) unitary matrices,^2 denoted as Z_a’s: Z_1 = U_L ⊗ 1_L ⊗ · · · ⊗ 1_L Z_2 = 1_L ⊗ U_L ⊗ · · · ⊗ 1_L . . Z_d = 1_L ⊗ 1_L ⊗ · · · ⊗ U_L d .

As defined so, (Z_a)^L = 1 for all a = 1, . . . , d.

Evidently, any matrices of the form Z_a ⊗ M, where M is an arbitrary (k × k) matrix, are solutions to the homogeneous orbifold condition eq. (2.10). For the special case of k = 1, the complete basis of the solution space is spanned by

J(p) = d∏ a=1 (Z_a)^{pa} where p := (p_1, . . . , p_d) ,

and p_a’s take values in 0, 1, . . . , (L − 1). A dual basis, which turns out more convenient, is obtainable via the Fourier transformation as Δ(n) := ∑ p J(p) ω_L^{p·n} where n := (n_1, . . . , n_d) .

Here again, n_a’s take values in 0, 1, . . . , (L − 1). For arbitrary k > 1, a general solution to the homogeneous orbifold condition eq. (2.10) is always expressible as ~Φ_i = ∑ n Δ(n) ⊗ φ_i(n) , (2.11)

2Note that, in the present case, Za ⊗ 1_k’s turn out identical to Ωa’s, but they are distinct matrices in general cases. We will encounter such a case later when constructing noncommutative space-time.

– 4 – where φ_i(n)’s denote (k × k) matrix-valued functions of the d-dimensional lattice vector n. Substituting this and eq. (2.9) into the mother theory action eq. (2.1) and utilizing the identity

D_a [Δ(n) ⊗ φ_i(n)] D^†_a = Δ(n − â) ⊗ φ_i(n) ,

we finally obtain an action of the daughter theory: S = ∑ n tr [ φ_1(n)φ_2(n + r_1)φ_3(n + r_1 + r_2) · · · φ_M (n + r_1 + · · · + r_{M−1}) ] . (2.12)

Here, the symbol ‘tr’ is to denote the trace over the (k × k) matrices, as contrasted to the symbol ‘Tr’ in eq. (2.1) denoting the trace over the (N × N) matrices. Accordingly, the matrix degrees of freedom are reduced by the ratio, N/k = L^d, which is precisely the volume of the emergent space-time. Hence, the zero-dimensional matrix model eq. (2.1), along with the orbifold condition eq. (2.2) is the same as a (matrix) field theory on the d-dimensional lattice, where the matrix-valued functions φ_i(n) brought up in eq. (2.11) are interpreted as (matrix) fields on the emergent lattice.

At the outset, we have assumed that the charge vectors obey the neutrality condition eq. (2.8). What is the reason behind the condition? What would happen if the condition is not met? Notice that, prior to imposing the orbifold condition eq. (2.2), the mother theory eq. (2.1) is actually invariant under U(N) rotation:

Φ_i −→ G Φ_i G^† where G ∈ U(N) . (2.13)

This invariance is compatible with the orbifold condition eq. (2.2) for Φ_i if and only if the rotation matrix G satisfies the homogeneous orbifold condition eq. (2.10) as well. In that case, in complete analogy with eq. (2.11), we can write the orbifold projected rotation matrix G as G = ∑ n Δ(n) ⊗ g(n) .

Inserting this back to eq. (2.13), we readily find that the U(N) rotation is reduced to a U(k) gauge transformation

φ_i(n) −→ g(n) φ_i(n) g^†(n + r_i) . (2.14)

Now, eq. (2.14) indicates that, if the lattice field φ_i(n) carries no charge (r_i = 0), it may be considered naturally as a variable residing on the lattice site n, while those with charge (r_i ≠ 0) may be considered as a field residing on the lattice link connecting site n and site (n + r_i). The latter fields are precisely the counterpart of link variables in the standard lattice gauge theory. We then learn that the daughter theory eq. (2.12) is invariant under the emergent gauge transformation eq. (2.14) if and only if the lattice links close up, viz.

n = n + r_1 + · · · + r_{M−1} .

We thus learn that the charge neutrality condition eq. (2.8) is precisely what ensures the emergent daughter theory to possess the local gauge invariance eq. (2.14).

– 5 –

In the above construction, the emergent space-time was commutative because all the Z_a’s and hence all the Δ(n)’s commute one another. This originates from the specific choice of the Ω_a matrices as in eq. (2.3)^3 If we adopt different choices of the Ω_a matrices, we may be able to render the emergent space-time noncommutative. What specific choices are required for the (non)commutative space-time is then an interesting question, and we obtain the answer in detail in the next sections.

3. Super Yang-Mills theory on the commutative tori

In this section, we will present a prescription of constructing theories with manifest supersymmetry on a commutative tori. We will do so in a set-up generalizable to noncommutative case. For concreteness, we will consider a (2 + 1)-dimensional super Yang-Mills theory with sixteen supercharges and gauge group U(N). We will first describe the commutative case in some detail in this section, and generalize it to the noncommutative case in the next section.

3.1 The mother theory

For technical convenience, we prescribe the mother theory as follows. Consider the (3 + 1)- dimensional N = 4 U(N) super Yang-Mills theory, which may be expressed in terms of the manifest N = 1 superfield notation (See, e.g., ref. [16] for conventions and notations). Dimensionally reducing it down to (0 + 1) dimension, we arrive at the mother theory with the action S = ∫ dt L, where the lagrangian L is given as

L = L_g + L_Φ + L_W ,

L_g = 1 16g^2 Tr [ W^αW_α ]| |_{θθ} + h.c.,

L_Φ = 1 g^2 3∑ a=1 Tr [ Φ_ae^V Φ_ae^{−V} ]| |_{θθθ̄θ̄} ,

L_W = √ 2 g^2 Tr [ Φ_1Φ_2Φ_3 − Φ_1Φ_3Φ_2 ] | | | θθ + h.c. . (3.1)

V is a vector superfield and Φ_j are chiral superfields. W^α is a superfield containing the gauge field strength, which is made from V. (Before dimensional reduction, L_g represents (3+1)-dimensional N = 1 pure super Yang-Mills theory, while L_Φ contains kinetic terms and gauge interaction terms of six scalar fields. The (commutator)^2-interactions among the six scalar fields come out of L_W after integrating out auxiliary fields. See appendix A.)

The mother theory eq. (3.1) inherits the SU(4) R-symmetry of the (3+1)-dimensional N = 4 super Yang-Mills theory. Under the R-symmetry group rotation, six components (real and imaginary parts) of Φ_1, Φ_2, Φ_3 transform as the antisymmetric representation 6, whereas the fermions transform chirally in the fundamental representation 4. Combined with the three extra scalar multiplets arising from dimensional reduction from (3 + 1)- to

3Our choice of Ωa’s in eq. (2.3) is the same as the one taken by Kaplan et al. [13].

– 6 –

(0 + 1)-dimensions, the R-symmetry group of the mother theory is promoted to G^{mother}_R = Spin(9). We shall be interested in the quotient of the R-symmetry group after imposing a given choice of orbifold conditions.

3.2 The daughter theory

As we are going to construct two spatial dimensions out of Φ_s r_s = (r_1, r_2)_s V ( 0 , 0 ) Φ_1 (+2, 0 ) Φ_2 (−1, +1) Φ_3 (−1, −1)

Table 1: R-charge.

matrices, we shall be considering the d = 2 case of the orbifold condition eq. (2.2). Therefore, the size N of each matrix in the mother theory is taken as N = k·L^2. The orbifold group in eq. (2.2) is G_O = Z_L ⊗ Z_L. R-charge vectors of the mother theory fields are denoted as r_s(s = v, 1, 2, 3), and are assigned with integer-valued components as in the following table. This amounts to picking up three Cartan subgroup SO(2) × SO(2) × SO(2) of G^{mother}_R = Spin(9), and use two independent combinations of them for the phase-rotation in the orbifold conditions eq. (2.2). As in the previous section, the orbifold group G_O lets a two-dimensional lattice emerge in the end. Hereafter, we adopt a unified notation Φ_v ≡ V.

Imposing the orbifold conditions eq. (2.2), we obtain a daughter theory given by

L_g = 1 16g^2 ∑ n tr [ W^α(n)W_α(n) ]| |_{θθ} + h.c.,

L_Φ = 1 g^2 ∑ n tr [ Φ_1(n)e^{V(n)}Φ_1(n)e^{−V(n+2x̂)} +

+ Φ_2(n)e^{V(n)}Φ_2(n)e^{−V(n−x̂+ŷ)} + +Φ_3(n)e^{V(n)}Φ_3(n)e^{−V(n−x̂−ŷ)} ]| |_{θθθ̄θ̄} , L_W = √ 2 g^2 ∑ n tr [ Φ_1(n)Φ_2(n + 2x̂)Φ_3(n + x̂ + ŷ) −

−Φ_1(n)Φ_3(n + 2x̂)Φ_2(n + x̂ − ŷ) ]| |_{θθ} + h.c. (3.2)

Here, x̂ and ŷ denote unit vectors along the emergent x- and y- directions. After the orbifold projection, the number of super-symmetry is reduced to four from sixteen the mother theory eq. (3.1) originally retained.

A parameter defining the daughter theory is L. If L is even, the theory comprises of two decoupled daughter theories defined on even and odd lattice sites, respectively, and thus we end up with two copies of the same theory. Here, we assume that L is odd, in which case the resulting theory is defined on the entire lattice. Using the periodicity(n_x ∼ n_x +L), we can interpret that n_x takes the even values

n_x = 0, 2, . . . , L − 1, L + 1, L + 3, . . . , 2L − 2 (3.3)

for sites of n_y even, and that n_x takes the odd values n_x = 1, 3, . . . , L − 2, L, L + 2, . . . , 2L − 1 (3.4) for sites of n_y odd. As a consequence of the interpretation, all the interactions on the lattice in eq. (3.2) connect only nearest neighbor lattice sites.

– 7 –

The boundary conditions of the lattice fields turn out somewhat nontrivial:

Φ_s(n + 2Lx̂) = Φ_s(n + Lx̂ + Lŷ) = Φ_s(n). (3.5)

In the y-direction, the simple periodic boundary condition Φ_s(n + Lŷ) = Φ_s(n) does not hold. Note that n+Lŷ does not belong to the lattice sites if n is a lattice site. The boundary condition eq. (3.5) indicates that the two-dimensional lattice space is a torus obtained by identifying opposite edges of a parallelogram connecting the sites (0, 0), (2L, 0), (L, L), (3L, L). To render the parallelogram isotropic, we introduce re-scaled lattice spacings for xand y-directions as ϵ_x =^1_2 ϵ and ϵ_y = √ 3 2 ϵ. The two-dimensional lattice now consists of equilateral triangles. Denote site coordinates as x = (x, y) = (n_xϵ_x, n_yϵ_y). Denote also ℓ ≡ Lϵ. We also denote the lattice fields as

Φ_s(n) = Φ_s(n_x, n_y) ≡ Φ_s(x, y) = Φ_s(x) . (3.6)

The boundary conditions eq. (3.5) then become

Φ_s(x + ℓx̂) = Φ_s ( x + 1 2 ℓx̂ + √ 3 2 ℓŷ ) = Φ_s(x) . (3.7)

Finally, the daughter theory lagrangian becomes

L_g = 1 16g^2 ∑ x tr [ W^α(x)W_α(x) ]| |_{θθ} + h.c.,

L_Φ = 1 g^2 ∑ x tr [ Φ_1(x)e^{V(x)}Φ_1(x)e^{−V(x+m1ϵ)} + Φ_2(x)e^{V(x)}Φ_2(x)e^{−V(x+m2ϵ)} +

+Φ_3(x)e^{V(x)}Φ_3(x)e^{−V(x+m3ϵ)} ]| |_{θθθ̄θ̄} , L_W = √ 2 g^2 ∑ x tr [ Φ_1(x)Φ_2(x + m_1ϵ)Φ_3(x − m_3ϵ) −

−Φ_1(x)Φ_3(x + m_1ϵ)Φ_2(x − m_2ϵ) ]| |_{θθ} + h.c., (3.8)

where

m_1 = x̂,

m_2 = − 1 2 x̂ + √ 3 2 ŷ , m_3 = − 1 2 x̂ − √ 3 2 ŷ . Note that the rescaled R-charge vectors satisfy charge neutrality condition:

m_1 + m_2 + m_3 = 0 ,

and the three charge vectors form an equilateral triangle.

– 8 –

The R-symmetry group of the daughter lattice theory is G^{daughter}_R = [U(1)]^3 × Spin(3), which is a subgroup of G^{mother}_R = Spin(9) surviving after the orbifolding. [U(1)]^3 is individual phase-rotation symmetry of Φ_j (j = 1, 2, 3) accompanied by a suitable rotation of θ, compensating the total phase. Spin(3) rotates the three scalars (and their superpartners) in V. The diagonal part of the [U(1)]^3:

Φ_j → e^{i2β/3}Φ_j with θ → e^{−iβ}θ (3.9)

fits with the interpretation that the emergent space-time after the orbifolding is a twodimensional lattice — each lattice direction breaks the supersymmetry by one-half, so onequarter of the sixteen supercharges (transforming under Spin(7) as 8_s) would be preserved.

3.3 Continuum and infinite volume limit

We now consider the continuum and infinite volume limits of the theory eq. (3.8). In terms of component fields, eq. (3.8) is expressed as

L_g = 1 g^2 ∑ x tr [ iλ̄(x)D_0λ(x) − λ̄(x)σ^j [a_j (x), λ(x)] + 1 2 D(x)^2 + 1 2 (D_0a_j(x))^2 + + 1 4 [a_j (x), a_l(x)]^2 ] , L_Φ = 1 g^2 ∑ x tr [ |F_j (x)|^2 + |D_0B_j(x)|^2 + iψ_j(x)D_0ψ_j(x) − − | |al(x)Bj (x) − Bj (x)al(x + mjϵ) | |^2 −

−ψ_j (x)σ^l {a_l(x)ψ_j (x) − ψ_j (x)a_l(x + m_jϵ)} + + ( i √ 2B_j (x) {λ(x)ψ_j (x) − ψ_j(x)λ(x + m_jϵ)} + h.c. ) + + D(x) { B_j(x)B_j (x) − B(x − m_jϵ)B_j (x − m_jϵ) } ] , L_W = √ 2 g^2 ∑ x tr [ F_1(x) {B_2(x + m_1ϵ)B_3(x − m_3ϵ) − B_3(x + m_1ϵ)B_2(x − m_2ϵ)} −

− B_1(x) {ψ_2(x + m_1ϵ)ψ_3(x − m_3ϵ) − ψ_3(x + m_1ϵ) ψ_2(x − m_2ϵ)} + + (1 → 2, 2 → 3, 3 → 1) + + (1 → 3, 2 → 1, 3 → 2) ] + h.c., (3.10)

where j, l run over 1,2, and 3, a_j are real scalar fields originating from spatial components of the (3 + 1)-dimensional gauge fields before dimensionally reduced to eq. (3.1).

We expand the complex scalar fields B_j around the vacuum configuration (f/ √ 2)1_k as B_j(x) = ( f √ 2 ) 1_k + B^′_j (x) with f = √ 2 3 ϵ^{−1} . (3.11)

As the expectation value of B_j ’s is proportional to the unit matrix, the gauge group U(k) remains unbroken. Thanks to the manifest supersymmetry on the lattice, the degrees of

– 9 – freedom are balanced between bosons and fermions. Thus, it is expected that the theory is free from the problem of fermion doubling. In fact, as pointed out in ref. [13], the vacuum expectation value of B_j’s induces fermion bilinear terms (out of the Yukawa coupling terms in L_Φ) which take the form of the Wilson fermion mass term (with a particular value of the Wilson coupling parameter, a point further elaborated in [17]).

Continuum limit is taken with^4

ϵ → 0, ℓ ≡ Lϵ = fixed, g^2_3 ≡ ϵ_xϵ_yg^2 = fixed .

The volume of the resulting two-dimensional torus is ℓ × √ 3 2 ℓ, so, if necessary, an infinite volume limit is attainable by taking ℓ → ∞, while the noncommutativity is held fixed [18].

In order to get the theory in the standard form, it is convenient to make the field redefinition B^′_j ≡ 1 √ 3 m_j · (h + iv) + 1 √ 6 (h_3 + ih_4) , B^′_j ≡ 1 √ 3 m_j · (h − iv) + 1 √ 6 (h_3 − ih_4) , ψ_j ≡ √ 2 3 m_j · Ψ + 1 √ 3 ξ , ψ_j ≡ √ 2 3 m_j · Ψ + 1 √ 3 ξ , with h = ( h_x h_y ) , v = ( v_x v_y ) , Ψ = ( ψ_x ψ_y ) , Ψ = (¯ ψ_x ψ̄_y ) . The component fields v_x, v_y, h_x, h_y, h_3, h_4 are hermitian matrices, and ψ_x, ψ_y, ξ are complex 2-component spinors.

Finally, we arrive at the following continuum theory in (2 + 1)-dimensions:

L_g = 1 g^2_3 ∫ d^2x tr [ iλ̄D_0λ − λ̄σ^j [a_j , λ] + 1 2 D^2 + 1 2 (D_0a_j )^2 + 1 4 [a_j , a_l]^2 ] , L_Φ = 1 g^2_3 ∫ d^2x tr [ |F_j |^2 + 1 2 { (F_{0i})^2 − (D_ia_j )^2 } + 1 2 { (D_0h_I )^2 + [a_j, h_I ]^2 } + + iψ_xD_0ψ_x + iψ_yD_0ψ_y + iξD_0ξ − i{ψ_iD_iλ − ψ_iD_iλ} − − { ψ_iσ^j[a_j , ψ_i] + iλ[h_i, ψ_i] + iλ[h_i, ψ_i] } − − ξσ^j [a_j , ξ] − λ[h_4 + ih_3, ξ] − λ[h_4 − ih_3, ξ] +

+ D (D_xh_x + D_yh_y − i[h_3, h_4]) ] , L_W = 1 g^2_3 ∫ d^2x tr [ F_1 1 √ 6 { iF_{xy} + D_xh_y − D_yh_x + √ 2 D_y(h_3 + ih_4) + [h_x, h_y] + + √ 2 [h_y , h_3 + ih_4] } + + F_2 1 √ 6 { iF_{xy} + D_xh_y − D_yh_x − √ 3 2 D_x(h_3 + ih_4) −

4Then we have to fix two independent radion modes (constant modes of the U(1) part of^{1√}_3 hx +^{1√}_6 h3 and hy ) as analyzed by Kaplan et al. [13].

– 10 –

− 1 √ 2 D_y(h_3 + ih_4) + [h_x, h_y] − − √ 3 2 [h_x, h_3 + ih_4] − 1 √ 2 [h_y, h_3 + ih_4] } + + F_3 1 √ 6 { iF_{xy} + D_xh_y − D_yh_x + √ 3 2 D_x(h_3 + ih_4) − − 1 √ 2 D_y(h_3 + ih_4) + [h_x, h_y] + + √ 3 2 [h_x, h_3 + ih_4] − 1 √ 2 [h_y, h_3 + ih_4] } − (3.12)

− ξD_xψ_y + ξD_yψ_x − ξ[h_x, ψ_y] + ξ[h_y, ψ_x] + ψ_x[h_3 + ih_4, ψ_y] ] + h.c.,

where the indices run as i = x, y, I = x, y, 3, 4. Also, j, l = 1, 2, 3, as before. F_{0i}, F_{xy} are the gauge field strength F_{0i} = ∂_0v_i −∂_iv_0 +i[v_0, v_i], F_{xy} = ∂_xv_y −∂_yv_x +i[v_x, v_y], and a_j, h_I stand for 7 scalars. After integrating the auxiliary fields D and F_j ’s, it is straightforward to see that the theory is the same as the standard form of (2+1) dimensional super-Yang-Mills theory.

In the continuum limit, the supersymmetry is enhanced (quadrupled) and preserves the sixteen supercharges. In eq. (3.12), the manifest R-symmetry is Spin(7), under which the seven scalars a_j , h_I transform as the vector representation 7 and the fermions ψ_x, ψ_y, ξ, λ transform as the spinor representation 8.^5 An important point is that, in the continuum limit, we are referring the R-symmetry Spin(7) to the symmetry involving the shifted scalar fields B^′_j in eq. (3.11), whereas the R-symmetry [U(1)]^3 × Spin(3) of the lattice daughter theory eq. (3.8) were the one concerning the B_j ’s descended from the mother theory. Note that the expectation value in eq. (2.6) breaks the diagonal U(1) symmetry eq. (3.9). At a generic vacuum of the continuum theory, where the gauge group is broken to [U(1)]^k , the photon is equivalent (via duality transformation) to a scalar field. Combined with the existing seven scalar fields, the continuum daughter theory would exhibit the continuum limit R-symmetry Spin(8).

4. Super Yang-Mills theory on the noncommutative lattice

We start again with the mother theory eq. (3.1), but now construct a noncommutative version of the lattice super-Yang-Mills theory by a different choice of the orbifold conditions.

4.1 The daughter theory

Here, we take N = k · mq · nq, where k, m, n, q are integers, and denote I := mnq. We take orbifold conditions for the fields as

Φ_s = ω_{nq}^{rs,a} Ω^†_a Φ_s Ω_a for all s, a , (4.1)

5Note that, as Kaplan et al. [13] argued, the four supercharges manifest on the lattice was sufficient to recover the full sixteen supercharges in the continuum limit without any fine-tuning.

– 11 – where ω_{nq} denotes the (nq)-th root of the unity. We now take the orbifold condition matrices Ω_a ∈ U(N) as^6 Ω_1 = U_I^m ⊗ V^†_q^p ⊗ 1_k Ω_2 = V_I^m ⊗ U^†_q ⊗ 1_k .

In the present case, unlike the mutually commutative ones eq. (2.3) that rendered commutative daughter theories, Ω_a’s do not commute each other, but obey the ‘t Hooft-Weyl algebra Ω_1Ω_2 = e^{2πiΘ}Ω_2Ω_1 where Θ = 1 q ( p − m n ) (mod 1).

The R-charge vectors r_s in eq. (4.1) are assigned the same as in the table in section 1.

We now introduce D_a ∈ U(N) as D_1 = V^†_I ⊗ 1_q ⊗ 1_k and D_2 = U_I ⊗ 1_q ⊗ 1_k, with the property D_aΩ_b = ω_{nq}^{−δab} Ω_bD_a. We then define shifted matrix fields ~Φ_s as Φ_s = ~Φ_sD^{rs,1}_1 D^{rs,2}_2 (s = v, 1, 2, 3) so that ~Φ_s’s are subject to homogeneous orbifold conditions: ~Φ_s = Ω_a ~Φ_sΩ^†_a for all s, a . (4.2) These orbifold conditions are solvable as follows. Assume that p and q are co-prime, and r and s are integers such that rp + sq = 1. We introduce Z_a ∈ U(mq · nq) defined as Z_1 = U_I^n ⊗ V^†_q and Z_2 = V_I^n ⊗ U^†_q^r with the periodicity:

Z_1^L = Z_2^L = 1_{mq·nq} where L := mq .

The Z_a’s have algebraic properties that they commute with orbifold condition matrices: [Ω_a, Z_b] = 0 for all a, b , but Z_a’s do not commute with each other: Z_1Z_2 = e^{−2πiΘ′} Z_2Z_1 where Θ^′ = 1 q ( n m − r ) (mod 1) .

6These choices were considered first in [9] for obtaining noncommutative space-time.

– 12 –

We can then construct the complete set of basis for a general solution of the homogeneous orbifold condition eq. (4.2) as

J(m) = e^{−πiΘ′m1m2} Z_2^{m2} Z_1^{m1} = J^†(−m) . (4.3)

Here, m_a’s run over m_a = 0, 1, . . . , L − 1. We shall be imposing periodic boundary conditions J(m + Lâ) = J(m) for every a-th direction. Due to the phase-factor e^{−πiΘ′m1m2} introduced in eq. (4.3) for manifest hermiticity, the periodicity requires that LΘ^′ is an even-integer. Taking the case L is odd,^7 we can then choose Θ^′ as

Θ^′ = 1 q ( n m − r ) (mod 2) when (n − mr) is even.

Θ^′ = 1 q ( n m − r ) + 1 (mod 2) when (n − mr) is odd.

The dual basis to configuration space is obtained via

Δ(n) = ∑ m_1,m_2

J(m) ω_L^{m·n} ,

where again n = (n_1, n_2) spans a two-dimensional lattice, ranging in each direction over 0, 1, . . . , L − 1. As is constructed, Δ(n) is hermitian and periodic Δ(n + Lâ) = Δ(n) along each a-th direction.

To proceed further, we note that the dual basis Δ(n) satisfies the following identities: 1 L^2 ∑ n Δ(n) = 1_{mq·nq}, D_a [Δ(n) ⊗ φ(n)] D^†_a = Δ(n − â) ⊗ φ(n), ^tr [Δ(n)] = mq · nq , ^tr [ Δ(n)Δ(n^′) ] = δ_{n,n}′ mq · nq L^2 , (4.4)

where φ(n) is arbitrary k×k matrix. ‘^tr’ denotes the trace for (mq·nq)×(mq·nq) matrices.

As in the commutative case, the dual basis Δ(n) spans a basis for the subspace complement to the last factor of (k × k) matrices, so we can decompose the (shifted) matrix variables of the mother theory as

~Φ_s = 1

L^2 ∑ n Δ(n) ⊗ ^Φ_s(n) . (4.5)

Here, ^Φ_s’s are (k × k) matrix-valued fields defined on the emergent two-dimensional lattice labelled by n. Eq. (4.5) then provides a general solution to the homogeneous orbifold condition eq. (4.2), and hence, after taking into account of shifts through D_a’s, to the orbifold condition eq. (4.1).

One last thing we will need to understand concerns how matrix multiplication in the mother theory is translated in the daughter theory. To answer this, consider N ×N matrices

7In the case L even, there does not exist Θ^′ satisfying the periodicity for (n − mr) odd.

– 13 – f_1 and f_2 that commute with Ω_a’s. As Δ(n) spans a complete set of basis, the matrices are Fourier-decomposable as in eq. (4.5):

f_i = 1 L^2 ∑ n Δ(n) ⊗ ^f_i(n) i = 1, 2 .

Product of two matrices is again a matrix, so the matrix product f_1 f_2 should be decomposable as above. Utilizing the identities eq. (4.4), we readily find that the product is given by

f_1f_2 = 1 L^2 ∑ n Δ(n) ⊗ ( ^f_1(n) ⋆ ^f_2(n) ) .

In the right-hand-side, product between the two lattice functions ^f_1(n) and ^f_2(n) defines (the lattice version of) Moyal’s ⋆-product, whose explicit expression is given by

^f_1(n) ⋆ ^f_2(n) := [ ^f_1(n) ^f_2(n) ] ⋆ = 1 L^2 ∑ n^′,n^{′′} ′ ^f_1(n^′) ^f_2(n^{′′}) e^{2i ^B(n−n′ )∧(n−n′′)} . (4.6)

The parameter ^B denotes a counterpart of the ‘background Neveu-Schwarz B-field’ of type-II string theories in the Seiberg-Witten limit [19]: ^B := ( Θ^′

L^2 2π )_{−1} . (4.7)

The summations over n^′ and n^{′′} are restricted to the lattice points satisfying either^2_{LΘ′} (n_a− n^′_a) ∈ Z or^2_{LΘ′} (n_a − n^{′′}_a) ∈ Z.

Rewriting the mother theory action in terms of the hatted configuration space fields, we finally arrive at the following form of the noncommutative daughter theory action:

L_g = 1 16g^2 n m ∑ n tr [ ^W^α(n)^W_α(n) ] ⋆ | |_{θθ} + h.c.,

L_Φ = 1 g^2 n m ∑ n tr [ ^Φ_1(n)e^{^V(n)} ^Φ_1(n)e^{−^V(n+2^x)} + ^Φ_2(n)e^{^V(n)} ^Φ_2(n)e^{−^V(n−^x+^y)} +

+ ^Φ_3(n)e^{^V(n)} ^Φ_3(n)e^{−^V(n−^x−^y)} ] ⋆ | | θθθ̄θ̄ , L_W = √ 2 g^2 n m ∑ n tr [ ω^{−1}_I ^Φ_1(n)^Φ_2(n + 2^x)^Φ_3(n + ^x + ^y) −

− ω_I ^Φ_1(n)^Φ_3(n + 2^x)^Φ_2(n + ^x − ^y) ] ⋆ | | θθ + h.c. . (4.8)

The daughter theory eq. (4.8) is a counterpart of the daughter theory eq. (3.2). Here, the subscript ⋆’s refer to (lattice version of) Moyal’s ⋆-product among all the fields inside the square-bracket. In L_W , due to the noncommutativity between D_1 and D_2, nontrivial phase-factors ω^{−1}_I and ω_I emerged. These phase-factors correspond to a U(1) magnetic flux penetrating through each triangular plaquette defined by each of the two super-potential terms in L_W , and are reminiscent of the discrete torsion in string theory [20] (see also [21]).

– 14 –

As in the commutative case, we shall take L to be odd, and re-scale the lattice spacings so that (discrete subgroup of) the two-dimensional rotation symmetry is better represented: ϵ_x =^1_2 ϵ and ϵ_y = √ 3 2 ϵ. Denote coordinates of the resulting equilateral triangular lattice as x = (x, y) = (n_xϵ_x, n_xϵ_y), where n_x, n_y range over the values specified in eqs. (3.3), (3.4). Denote also ℓ ≡ Lϵ, ℓ_x ≡ Lϵ_x, ℓ_y ≡ Lϵ_y. The dual basis Δ(n) is then transcribed in the continuum limit into

Δ(x) = ∑ m J(m) ω_{ℓx}^{m1x}ω_{ℓy}^{m2y} where ω_{ℓx} := e^{2πiℓ}x ω_{ℓy} := e^{2πiℓy} obeying periodicity:

Δ(x + ℓ^x) = Δ (x + ℓ_x^x + ℓ_y ^y) = Δ(x) .

Similarly, the algebraic identities eq. (4.4) are transcribed into: 1 L^2 ∑ x Δ(x) = 1_{mq·nq}, D_1 [Δ(x) ⊗ φ(x)] D^†_1 = Δ (x − ^xϵ_x) ⊗ φ(x), D_2 [Δ(x) ⊗ φ(x)] D^†_2 = Δ (x − ^yϵ_y) ⊗ φ(x), ^tr [Δ(x)] = mq · nq, ^tr [ Δ(x)Δ(x^′) ] = mq · nq L^2 δ_{x,x}′ , for an arbitrary (k × k) matrix-valued field φ(x), and the (shifted) matrix variable decomposition transcribed into fields living on two-dimensional noncommutative space:

~Φ_s = 1

L^2 ∑ x Δ(x) ⊗ Φ_s(x) .

Re-expressing the daughter theory in terms of these fields, the daughter theory action becomes

L_g = 1 16g^2 n m ∑ x tr [ W^α(x)W_α(x) ] ⋆ | | θθ + h.c.,

L_Φ = 1 g^2 n m ∑ x tr [ Φ_1(x)e^{V(x)}Φ_1(x)e^{−V(x+m1ϵ)} + Φ_2(x)e^{V(x)}Φ_2(x)e^{−V(x+m2ϵ)} +

+ Φ_3(x)e^{V(x)}Φ_3(x)e^{−V(x+m3ϵ)} ] ⋆ | |_{θθθ̄θ̄}, L_W = √ 2 g^2 n m ∑ x tr [ ω^{−1}_I Φ_1(x)Φ_2(x + m_1ϵ)Φ_3(x − m_3ϵ) −

−ω_I Φ_1(x)Φ_3(x + m_1ϵ)Φ_2(x − m_2ϵ) ] ⋆ | | θθ + h.c. (4.9)

The noncommutative daughter theory eq. (4.9) is a direct counterpart of the commutative daughter theory eq. (3.8). Let us contrast salient features of the latter theory when viewed as a deformation of the former theory. First, product among fields are deformed into

– 15 –

Moyal’s ⋆-product. It is readily found that, in terms of continuum variables, Moyal ⋆- product is given by

^f_1(x) ⋆ ^f_2(x) := 1 mq · nq ^tr ( f_1f_2Δ(x) )

= 1 L^2 ∑ x^′,x^{′′} ′ f_1(x^′)f_2(x^{′′}) e^{2iB(x−x′ )∧(x−x′′)} , (4.10)

where

B := ( Θ^′ ℓ_xℓ_y 2π )_{−1}

and the sums over x^′ and x^{′′} are restricted to either { 2 ℓ_xΘ^′ (x − x^′) ∈ Z, 2 ℓ_yΘ^′ (y − y^′) ∈ Z } or { 2 ℓ_xΘ^′ (x − x^{′′}) ∈ Z, 2 ℓ_yΘ^′ (y − y^{′′}) ∈ Z } . We emphasize that the noncommutativity, as defined through Moyal’s product, is determined not by Θ but by Θ^′. Second, the gauge coupling parameter is re-scaled as

g^2 −→ g^2_{NC} := g^2 (m n ) . Third, as the noncommutative deformation is made, nontrivial phase-factors ω^{−1}_I and ω_I , respectively, are induced on the two terms in the superpotential L_W . One might consider these phase-factors trivial as they seem to disappear in the limit m, n → ∞. In the next subsection, we will find that they actually retain nontrivial effects in the continuum limit.

Note that the nontrivial phase-factors do not affect the R-symmetry of the noncommutative daughter theory on the lattice. It is G^{NC daughter}_R = [U(1)]^3 ×Spin(3), same as the one in the commutative counterpart. Again, the diagonal U(1) corresponds to the R-symmetry of the manifest supersymmetry on the two-dimensional noncommutative lattice, as should be the same as that of (2+1)-dimensional N = 2 supersymmetry.

4.2 (Classical) continuum limit We now take a continuum limit of the lagrangian eq. (4.9): ϵ → 0, ℓ_{x,y} = Lϵ_{x,y} = fixed, m, n → ∞, m n := μ = fixed . (4.11)

The last condition is to ensure the coupling parameter g^2_{NC} and the noncommutativity finite. As we will see shortly, non-trivial phase factors survive in the limit.

We split the superpotential L_W in eq.(4.9) into the two parts L_W = L^{(c)}_W + L^{(s)}_W (not real and imaginary parts), where

L^{(c)}_W = √ 2 g^2_{NC} ( cos 2π I ) ∑ x tr [ Φ_1(x)Φ_2(x + m_1ϵ)Φ_3(x − m_3ϵ) −

− Φ_1(x)Φ_3(x + m_1ϵ)Φ_2(x − m_2ϵ) ] ⋆ | |_{θθ} + h.c. , (4.12)

L^{(s)}_W = √ 2 g^2_{NC} ( −i sin 2π I ) ∑ x tr [ Φ_1(x)Φ_2(x + m_1ϵ)Φ_3(x − m_3ϵ)

+ Φ_1(x)Φ_3(x + m_1ϵ)Φ_2(x − m_2ϵ) ] ⋆ | |_{θθ} + h.c. (4.13)

– 16 –

In the continuum limit, structure of L_g, L_Φ, L^{(c)}_W coincide with L_g , L_Φ, L_W in eq. (3.12), except that all the product are replaced by the (continuum version of) Moyal’s ⋆-product:

f_1(x) ⋆ f_2(x) = e^{i2 ^Θ′(∂x1 ∂y2 −∂x2 ∂y1 )}f_1(x)f_2(y) | |_{y→x} . A continuum version of the non-commutativity parameter is given by ^Θ^′:

^Θ^′ ≡ Θ^′ ℓ^xℓ^y 2π = 1 B . We may also take an infinite volume limit while holding the non-commutativity ^Θ^′ finite [18]: ℓ_xℓ_y → ∞, q → ∞, r ≪ μ . (4.14) The term L^{(s)}_W proportional to sin^{2π}_I , on the other hand, gives rise to a nontrivial term in the continuum limit, and, in the limit eq. (4.14), yields

L^{(s)}_W = −i 1 g^2_{NC} ( 2πq ℓ_xℓ_y m n ) ∫ d^2x 1 √ 6 tr(F_1 + F_2 + F_3) + h.c. := −i ∫ d^2x tr [ ξ_1Φ_1 + ξ_2Φ_2 + ξ_3Φ_3 ]| | θθ + h.c. (4.15)

with

ξ_1 = ξ_2 = ξ_3 ∼ 1 ^Θ′ = B . As such, eq. (4.15) represents turning on in the super-potential terms linear in the scalar fields arising from the link variables. Combining with the result for L^{(c)}_W , we see that eq. (4.15) represents a magnetic flux background F_{xy} = −B1_k of the diagonal U(1) gauge group.

One marked difference of the noncommutative daughter theory is that, unlike the commutative counterpart, the lattice supersymmetry is not enhanced to the full sixteen supercharges in the continuum limit, but remains same as that at finite lattice spacing. This may be seen, for example, from symmetry mismatch between eq. (4.12) and eq. (4.15). The cubic superpotential terms in eq. (4.12) are invariant in the continuum limit under enhanced R-symmetry group Spin(4) × SO(2), which is a subgroup of Spin(6) transforming real and imaginary parts of Φ_j (j = 1, 2, 3) in the defining representation. The individual phase rotations [U(1)]^3 of Φ_j’s belong to the R-symmetry group. On the other hand, the linear superpotential terms in eq. (4.15), which descend from eq. (4.13) in the continuum limit, are invariant under the U(1) group, rotating phases of Φ_j’s simultaneously:

Φ_j → e^{i2β} Φ_j with θ → e^{−iβ} θ . (4.16)

This rotation (4.16), however, does not belong to (any linear combination of) the [U(1)]^3. As such, the R-symmetry of the continuum theory, consisting of linear and cubic terms in the superpotential, is not present, except Spin(3) keeping Φ_j’s intact. It indicates at most four conserved supercharges in the continuum limit.

– 17 –

The definition of Moyal’s ⋆-product eq. (4.10) indicates that, in case Θ^′ is an eveninteger, the noncommutative daughter theory reduces to the ordinary commutative one. However, the linear superpotential terms L^{(s)}_W in eq. (4.15) remain non-vanishing, and hence do not have enhancement of the supersymmetry. It just means that the limit ^Θ^′ gives rise to a different commutative theory (with four supercharges only) from the one in eq. (3.12).

4.3 Twist the mother theory!

Consideration of the (classical) continuum limit given above suggests the following possibility. Suppose we start with a ‘twisted’ version of the mother theory eq. (3.1), where the only difference from eq. (3.1) would be that terms in the superpotential L_W are modified by a phase-factor z:

L^{twisted} = L_g + L_Φ + L^{twisted}_W ,

L^{twisted} W = √ 2 g^2 Tr [ zΦ_1Φ_2Φ_3 − z^{−1}Φ_1Φ_3Φ_2 ] | | | θθ + h.c.

Note that, because of the phase-factors z, z^{−1} introduced, R-symmetry of the ‘twisted’ mother theory with z ≠ 1 differs from the untwisted one — the untwisted mothery theory possesses sixteen supercharges, while the twisted mother theory would possess only four. For both theories, after the orbifold conditions eq. (4.1) are imposed, the same four supercharges are retained. Repeating the same analysis as in the previous section, we obtain the following twisted, noncommutative daughter theory:

L^{twisted} W = √ 2 g^2 n m ∑ x tr [ zω^{−1}_I Φ_1(x)Φ_2(x + m_1ϵ)Φ_3(x − m_3ϵ)

−z^{−1}ω_I Φ_1(x)Φ_3(x + m_1ϵ)Φ_2(x − m_2ϵ) ] ⋆ | | θθ + h.c. ,

while L_g and L_Φ remains the same as in the untwisted ones in eq. (4.9). For a generic choice of the phase-factor z, the four supercharges manifest on the lattice is not enhanced in the continuum limit. Interestingly, at the special choice of z = ω_I , however, the lattice supersymmetry gets enhanced to preserve the full sixteen supercharges in the continuum limit, as the extra superpotential term eq. (4.15) disappears. The R-symmetry Spin(7) emerges in the continuum limit accordingly, much the same as in the commutative case. Intuitively speaking, the choice z = ω_I amounts to turning on background gauge field flux along the diagonal U(1) subgroup in the mother theory so that it counter-balances out gauge flux of the daughter theory induced via the linear superpotential terms eq. (4.15).

5. Discussions

In this paper, we have studied gauge theories with manifest supersymmetry on a noncommutative lattice. We have provided a systematic prescription for constructing noncommutative space-time, and have constructed explicitly a (2 + 1)-dimensional noncommutative

– 18 – lattice gauge theory as a daughter theory of (0 + 1)-dimensional mother gauge theory. Extensions to (d + 1)-dimensional mother theory and to lattices of more than two dimensions are straightforward.

A notable feature of constructing Yang-Mills theories out of matrices via orbifold condition is that rank of the gauge group of the Yang-Mills theories can be taken finite (though the size of the matrices should be necessarily taken to infinity in order to ensure continuum and infinite volume limits). This would be a significant advantage over the traditional Eguchi-Kawai reduction [4], which is limited only to the planar limit of the Yang-Mills theory.

Another novel feature not encountered in the commutative counterpart (section 3) is that the total number of preserved supercharges in the continuum limit depends on a deformation parameter one can introduce to the mother theory. The supercharges in the continuum limit is generically four, the same amount of the supersymmetry as the lattice theory, but is enhanced to sixteen at a particular value of the deformation parameter. As anticipated, the parameter is determined solely by the noncommutativity.

There are several issues deserving further study. One is concerning nonperturbative definition of physical observables. In the continuum formulation and in the super-gravity dual formulation via AdS/CFT correspondence, it was shown [22]–[26] that, due to novelty of the noncommutative gauge invariance, physical observables are ‘open Wilson lines’, operators local in momentum space but nonlocal in configuration space. It would be very interesting to understand how these open Wilson lines emerge out of the orbifold conditions. Another is regarding potential relation between the noncommutativity and the discrete torsion that has shown up prominently in string theories. Identification of a precise relation would help understanding the discrete torsion intuitively. Finally, results in this work are based on a naive continuum limit dealing with the action itself. To understand the limit in full detail, one would need to understand nontrivial issues of proper renormalization of operators, at least in the lattice perturbation theory [27], in noncommutative gauge theories. Given that our results are rigorous at least in the case that Θ^′ is even-integer, where the theory reduces to a commutative one (with background gauge flux), one would expect that these issues are amenable with little technical difficulty.

A. Superfield notation

In the Wess-Zumino gauge, we denote the (3+1)-dimensional N = 1 superfield (the vector superfield V and the chiral superfield Φ) in terms of the component fields. V(x) = −2θσ^mθ̄v_m(x) + 2iθθθ̄λ̄(x) − 2iθ̄θ̄θλ(x) + θθθ̄θ̄D(x), Φ(x) = B(y) + √ 2θψ(y) + θθF (y) , where y^m = x^m + iθσ^mθ̄, m = 0, . . . , 3. v_m are gauge fields and λ, λ̄ are gaugino. B is a complex scalar field, and ψ is its super-partner. D and F are auxiliary fields.

W_α is a chiral superfield containing the field strength;

W_α(x) = −2iλ_α(y) + 2θ_αD(y) − 2i(σ^{mn}θ)_αv_{mn}(y) + 2θθ(σ^mD_mλ̄(y))_α ,

– 19 – where the spinor-index α runs over 1,2. Also

v_{mn} = ∂_mv_n − ∂_nv_m + i[v_m, v_n] , D_mλ̄ = ∂_mλ̄ + i[v_m, λ̄] . Acknowledgments

We thank Sergei Cherkis, Tohru Eguchi, Hikaru Kawai, Kyungkyu Kim, Sooil Lim, Herbert Neuberger, Nathan Seiberg and Shigeki Sugimoto for enlightening discussions. J.N. thanks the String Theory Group at Seoul National University for warm hospitality, where this work was initiated. The work of J.N. is supported in part by Grant-in-Aid for Scientific Research (No. 14740163) from the Ministry of Education, Culture, Sports, Science and Technology. The work of S-J.R. and F.S. is supported in part by the KOSEF Interdisciplinary Research Grant 98-07-02-07-01-5, the KOSEF Leading Scientist Grant, and the Fellowship from the Institute for Advanced Study.

References

[1] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, A large-N reduced model as superstring, Nucl. Phys. B 498 (1997) 467 [hep-th/9612115].

[2] T. Banks, W. Fischler, S.H. Shenker and L. Susskind, M-theory as a matrix model: a conjecture, Phys. Rev. D 55 (1997) 5112 [hep-th/9610043].

[3] J. Nishimura and G. Vernizzi, Spontaneous breakdown of Lorentz invariance in IIB matrix model, J. High Energy Phys. 04 (2000) 015 [hep-th/0003223]; Brane world from IIB matrices, Phys. Rev. Lett. 85 (2000) 4664 [hep-th/0007022];

K.N. Anagnostopoulos and J. Nishimura, New approach to the complex-action problem and its application to a nonperturbative study of superstring theory, Phys. Rev. D 66 (2002) 106008 [hep-th/0108041];

J. Nishimura and F. Sugino, Dynamical generation of four-dimensional space-time in the IIB matrix model, J. High Energy Phys. 05 (2002) 001 [hep-th/0111102]; H. Kawai, S. Kawamoto, T. Kuroki, T. Matsuo and S. Shinohara, Mean field approximation of IIB matrix model and emergence of four dimensional space-time, Nucl. Phys. B 647 (2002) 153 [hep-th/0204240];

H. Kawai, S. Kawamoto, T. Kuroki and S. Shinohara, Improved perturbation theory and four-dimensional space-time in IIB matrix model, hep-th/0211272.

[4] T. Eguchi and H. Kawai, Reduction of dynamical degrees of freedom in the large-N gauge theory, Phys. Rev. Lett. 48 (1982) 1063.

[5] A. González-Arroyo and M. Okawa, The twisted Eguchi-Kawai model: a reduced model for large-N lattice gauge theory, Phys. Rev. D 27 (1983) 2397.

[6] A. Gonzalez-Arroyo and C.P. Korthals Altes, Reduced model for large-N continuum field theories, Phys. Lett. B 131 (1983) 396.

[7] A. Connes, M.R. Douglas and A. Schwarz, Noncommutative geometry and matrix theory:

compactification on tori, J. High Energy Phys. 02 (1998) 003 [hep-th/9711162].

– 20 –

[8] H. Aoki et al., Noncommutative Yang-Mills in IIB matrix model, Nucl. Phys. B 565 (2000) 176 [hep-th/9908141].

[9] J. Ambjørn, Y.M. Makeenko, J. Nishimura and R.J. Szabo, Finite N matrix models of noncommutative gauge theory, J. High Energy Phys. 11 (1999) 029 [hep-th/9911041].

[10] J. Ambjørn, Y.M. Makeenko, J. Nishimura and R.J. Szabo, Nonperturbative dynamics of noncommutative gauge theory, Phys. Lett. B 480 (2000) 399 [hep-th/0002158].

[11] J. Ambjørn, Y.M. Makeenko, J. Nishimura and R.J. Szabo, Lattice gauge fields and discrete noncommutative Yang-Mills theory, J. High Energy Phys. 05 (2000) 023 [hep-th/0004147].

[12] W. Bietenholz, F. Hofheinz and J. Nishimura, The renormalizability of 2d Yang-Mills theory on a non-commutative geometry, J. High Energy Phys. 09 (2002) 009 [hep-th/0203151]; Simulating non-commutative field theory, hep-lat/0209021;

S. Profumo, Noncommutative principal chiral models, J. High Energy Phys. 10 (2002) 035 [hep-th/0111285];

J. Ambjørn and S. Catterall, Stripes from (noncommutative) stars, Phys. Lett. B 549 (2002) 253 [hep-lat/0209106].

[13] D.B. Kaplan, E. Katz and M. Unsal, Supersymmetry on a spatial lattice, hep-lat/0206019.

[14] M.F.L. Golterman and D.N. Petcher, A local interactive lattice model with supersymmetry, Nucl. Phys. B 319 (1989) 307;

J. Nishimura, Four-dimensional N = 1 supersymmetric Yang-Mills theory on the lattice without fine-tuning, Phys. Lett. B 406 (1997) 215 [hep-lat/9701013]; D.B. Kaplan and M. Schmaltz, Supersymmetric Yang-Mills theories from domain wall fermions, Chin. J. Phys. 38 (2000) 543 [hep-lat/0002030];

G.T. Fleming, J.B. Kogut and P.M. Vranas, Super Yang-Mills on the lattice with domain wall fermions, Phys. Rev. D 64 (2001) 034510 [hep-lat/0008009]; S. Catterall and S. Karamov, Exact lattice supersymmetry: the two-dimensional N = 2 Wess-Zumino model, Phys. Rev. D 65 (2002) 094501 [hep-lat/0108024]; K. Fujikawa, N = 2 Wess-Zumino model on the D = 2 euclidean lattice, Phys. Rev. D 66 (2002) 074510 [hep-lat/0208015];

K. Itoh, M. Kato, H. Sawanaka, H. So and N. Ukita, Novel approach to super Yang-Mills theory on lattice: exact fermionic symmetry and ‘ichimatsu’ pattern, hep-lat/0210049; A. Feo, Supersymmetry on the lattice, hep-lat/0210015;

N. Sakai and M. Sakamoto, Lattice supersymmetry and the Nicolai mapping, Nucl. Phys. B 229 (1983) 173;

Y. Kikukawa and Y. Nakayama, Nicolai mapping vs. exact chiral symmetry on the lattice, Phys. Rev. D 66 (2002) 094508 [hep-lat/0207013].

[15] N. Ishibashi, S. Iso, H. Kawai and Y. Kitazawa, String scale in noncommutative Yang-Mills, Nucl. Phys. B 583 (2000) 159 [hep-th/0004038].

[16] J. Wess and J. Bagger, Supersymmetry and supergravity, 2nd ed., Princeton University Press, Princeton 1992.

[17] J. Giedt, E. Poppitz and M. Rozali, Deconstruction, lattice supersymmetry, anomalies and branes, hep-th/0301048.

[18] G. Mandal, S.-J. Rey and S.R. Wadia, Quantum aspects of GMS solutions of noncommutative field theory and large-N limit of matrix models, Eur. Phys. J. C 24 (2002) 495 [hep-th/0111059].

– 21 –

[19] N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys. 09 (1999) 032 [hep-th/9908142].

[20] C. Vafa and E. Witten, On orbifolds with discrete torsion, J. Geom. Phys. 15 (1995) 189 [hep-th/9409188];

M.R. Douglas, D-branes and discrete torsion, hep-th/9807235; M.R. Douglas and B. Fiol, D-branes and discrete torsion, II, hep-th/9903031.

[21] A. Adams and M. Fabinger, Deconstructing noncommutativity with a giant fuzzy moose, J.

High Energy Phys. 04 (2002) 006 [hep-th/0111079].

[22] N. Ishibashi, S. Iso, H. Kawai and Y. Kitazawa, Wilson loops in noncommutative Yang-Mills, Nucl. Phys. B 573 (2000) 573 [hep-th/9910004].

[23] S.-J. Rey and R. von Unge, S-duality, noncritical open string and noncommutative gauge theory, Phys. Lett. B 499 (2001) 215 [hep-th/0007089].

[24] S.R. Das and S.-J. Rey, Open wilson lines in noncommutative gauge theory and tomography of holographic dual supergravity, Nucl. Phys. B 590 (2000) 453 [hep-th/0008042].

[25] D.J. Gross, A. Hashimoto and N. Itzhaki, Observables of non-commutative gauge theories, Adv. Theor. Math. Phys. 4 (2000) 893 [hep-th/0008075].

[26] S.-J. Rey, Exact answers to approximate questions: noncommutative dipoles, open Wilson lines and UV-IR duality, hep-th/0207108; Exact answers to approximate questions: noncommutative dipole, open Wilson line, UV-IR duality and closed string, J. Korean Phys. Soc. 39 (2001) S527.

[27] J. Nishimura and M.A. Vazquez-Mozo, Lattice perturbation theory in noncommutative geometry and parity anomaly in 3d noncommutative QED, J. High Energy Phys. 01 (2003) 075 [hep-lat/0210017].

– 22 –